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Abstract. In the paper we consider Ti , . . . , T^j absolute contractions of von 
Neumann algebra A4 with normal, semi-finite, faithful trace, and prove that for 
every bounded Besicovitch weight {a(k)}j^g[ij£i and every x G Lp{A4), (p > 1) 
the averages 

1 

' ' k— 1 

converge bilaterally almost uniformly in Lp{M). 
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1. Introduction 

It is known the almost everywhere convergence of sequences of operators were ap- 
phed to study of the individual ergodic theorem in von Neumann algebras by many 
authors [7] , [5] , [H] , [55] (see [m [12] for review). Very recently, in [TH [TB] various 
maximal ergodic theorems in noncommutative Lp-spaces have been established. As 
an application of such results the corresponding individual ergodic theorems were 
obtained. Study of the almost everywhere convergence of weighted averages in 
von Neumann algebras is relatively new. In [10] . the Besicovitch weighted ergodic 
theorem were firstly proved in a semifinite von Neumann algebra with a faithful 
normal state, which was a generalization of |24j to a noncommutative setting. In 
[9] the non-commutative Banach principle firstly obtained, further using it in [19] 
a particular case of one-dimensional Besicovitch weighted ergodic theorems were 
proved in the space of integrable operators affiliated with a von Neumann algebra. 
Latter on, in [3] by means of the that Principle the Besicovitch weighted ergodic 
theorem has been proved in noncommutative Li-spaces. 

In [13j the multiparameter Besicovitch weights were introduced and weighted 
ergodic theorems were obtained in commutative Lp-spaces. Some other related 
investigations were done in [Tl [^ [TB] . The present paper is devoted to the non- 
commutative extension of that result. Further, we are going to prove the bilateral 
almost uniform convergence of weighted multiparameter averages with respect to 
bounded Besicovitch families in noncommutative Lp-spaces. To prove it, we use 
the maximal ergodic inequality for absolute contractions given in [16] . 



^Current address (F.M.): Department of Comput. & Theor. Sci., Faculty of Sciences, HUM, 
P.O. Box, 141, 25710, Kuantan, Pahang, Malaysia 
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2. Preliminaries and Notations 

In what follows, M. would be a semifinite von Neumann algebra equipped with 
a normal semifinite faithful trace t. Let 5+ denote the set of all x e Ai+ such that 
T(suppa;) < c», where suppa; denotes the support of x. Let S be the linear span 
of 5"+. Then 5 is a w*-dense *-subalgebra of M.. Given 1 < p < oo, we define 

where |a;| = {x*x)^/'^ is the modulus of x. Then (S", || • ||p) is a normed space, whose 
completion is the noncommutative Lp-space associated with {M , t) , denoted by 
Lp{M,T) or simply by Lp{M). As usual, we set Loc{M,t) = M equipped with 
the operator norm || • ||co. We refer a reader to [23| for more information about 
noncommutative integration and to [27] for general terminology of von Neumman 
algebras. 

Now recall some notions about the noncommutative Lp{Ai; £oo(N''))-spaces. Let 
d > 1. Given 1 < p < oo, the space Lp{Ai;ioo{^'^)) is defined as the space of all 
families x — (a;k)keN'' i^i Lp{A4) which admit a factorization of the following form: 
there are a, 6 € L2p{M) and y = (yk) C Loo{M) such that 

a;k = aywb, V k e N''. 

We then define 

l|a;||Lp(^;£„(N<i)) =inf{||a||2p sup ||yk||oo H^lbp}, 

where the infimum runs over all factorizations as above. Then (^Lp{A4; £oo{^'^ j) : \\ ■ 
IUp(Ai;^oo(N''))) is a Banach space [14],[5]. Note that these spaces were firstly in- 
troduced in [22], when A4 was a hyperfinite von Neumman algebra. In 14J it was 
shown that a family of positive elements x = (a;k)keN'' belongs to Lp(A^; £oo(N'*)) 
iff there is a G Lp{AA)+ such that x\!^ < a for all k e N'', and moreover, 

M\L^{M;t^{m) = { ll^llp • « ^ Lp{M)+ s.t. Xk < a, V k e N"*}. 

The norm of x in Lp{M; will be very often denoted by || sup^ Xn||p . 

We should be noted that ||sup^Xn||^ is just a notation for sup^j does not 
make any sense in the noncommutative setting. Some elementary properties of 
these spaces were presented in [5] dH [TB] . 

For n = (ni, . . . , n^) g N'* denote m(n) = minjrti, . . . , n^}, M(n) — max{?ii, . . . , Ud]- 
Let us denote Aj„ „] = {k = (fci, • • • kd) ^ N'^ : m < m(k), M(k) < n}. In the se- 
quel we will deal with the following convergence, namely, a family (a;n)nGN'* i"^ ^ 
Banach space X converges to x G X if Ve > 0, there exists Nq £ N such that 
lla^n — x\\x < £ for all n : m(n) > Nq. 

We denote by Lp(A1; f^"'"' (N'')) the subspace of Lp{M;£oo{'^'^)) consisting of 
all finite sequences {xklkeNt* such that Xk = if k ^ ^[m.n]- I^i accordance with 
our preceding convention, the norm of x in Lp {M;i2'^-"\N'^)) will be denoted by 

l|sup^gA|^_^, Xkllp. 

Now introduce a subspace Lp{A4; co{N'^)) of Lp{M.\ ^oo(N'^)), which is defined as 
the space of all families (a;n)neN<' C Lp{AA) such that there are a, 6 € L2p{M.) and 
(2/n) C verifying 

Xn = ayj) and lim Hynlloo = 0. 
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One can check that Lp(A1; co(N'^)) is a closed subspace of Lp{M; £00 i^"^)) (see 
O [14] , for more details) and 

||sup+a;„|| =inf{||a||2p sup ||y„||oo ll^lbp}, 

n neN'i 

where the infimum runs over all factorizations of (xn) as above. 

Let A4 be, as before, a von Neumann algebra equipped with a semifinite normal 
faithful trace r. Let x, (xn) C Lp(A4). A family {x^) is said to converge bilaterally 
almost uniformly (h.a.u. in short) to x if for every e > there is a projection e G 
such that 

T(e^) < e and lim ||e(2;n — x)e||oo = 0. 

m(n) — *oo 

In the commutative case, the convergence in the definition above is equivalent 
to the usual almost everywhere convergence by virtue of Egorov's theorem [201125], 
The following Lemma gives a relation between the b.a.u. convergence and 

Lemma 2.1. If for every p G {a^n+p — a;n}neN'' £ Lp{M; co{N'^)) with I < p < 
00, then Xn converges b.a.u. to some x from Lp(/iA). 

The proof immediately follows from Lemma 6.2 [16 , Theorems 1.2 and 2.3 [3]. 

Let (Z, 11) be a measurable space with a probability measure /i. Let A4 be the 
von Neumann algebra of all essentially bounded ultra-weakly measurable functions 
h : (Z, yu) — > equipped with the trace 

f{h) = / T{h{z))dfi{z), 
Jz 

and let Lp — Lp{Ai,f). It is known 2 that the space Lp is isomorphic to 
Lp{Z,^Ji■Lp{M)). 

For the sake of completeness, we provide the proof for the next lemma, which is 
an analog of Lemma 2 in jl] (see also |3] ) . 

Lemma 2.2. Let {a;„}„gN<' e Lp{M,co{N'^)). Then {x^{z)}^(^^d £ Lp{M, co{N'^)) 
for almost all z £ Z . 

Proof. From the definition of Lp(Al, co(N'*)) we have Xn — ai/nb, where a,b £ 

L2p{Z,n;LP{M)), Vn G M, and || ^nll^ — > as n —s- 00. 
For any z £ Z consider Xn{z) — a{z)yn{z)b{z) . We have 

llynll^ = esssup \\yn{z)\\M 0, 

z€Z 

therefore ||2;n(2^)|lA< ^ 0, Vz G Z\D, where fi{D) = 0. 
Since a, 6 G L2p{Z, Lp{Ai)) we conclude that 

J ll«(^)llfp(A4)'^Ai < 00; J \\b{z)\\f^^_^^dfi < 00 
z z 

Denote 

z(« = {zGZ:l|0(z)||f^(_^)>fc2}, 
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oo , , 

and put Z^-^) = n U ^1; % where 4> = a,b. Then 

n=l k>n 



Here, we have used that 

\\m\\Z,M& 

So, = 0. Putting N = Z(°)U^'''^U^: we have /^(iV) = 0, and 

a{z),b{z) G L2p{M), yn{z) e M with ||yn(2)||A4 ^ as n ^ oo for every z G Z\N. 
Hence {a;„(z)}„gpfd e ip(7\/(, co(N'*)) a.c. z e Z. □ 

Let T : ^ be a hnear map. We say that T is an absolute contraction if it 
satisfies the foUowing conditions 

(i) T is a contraction on M: ||Ta;|loo < \\x\\oo for all x £ M. 

(ii) T is positive: Ta; > if x > 0. 

(iii) ToT <t: t{T{x)) < t{x) for all x £ Li{M) D M+. 

It is well known [TOj, [IH] that if T satisfies these properties, then T naturally 
extends to a contraction on Lp{A4) for all 1 < p < cxd. 

In the sequel, unless explicitly specified otherwise, T will always denote an ab- 
solute contraction of A4. The same symbol T will also stand for the extensions of 
T on Lp{Ai). Now let Ti, . . . , be such kind of mappings. 

We form their ergodic averages: 

(2.1) ^N(T) = ^f]T'^ 

' ' k=l 

where T'' = T^^" ■ ■ ■ with N ^ {Ni,..., Nd), k = {ki,...,kd) and |N| = 
Ni---Nd. 

In [16] the following maximal inequality has been proved 

Theorem 2.3. Let p > I and Ti, . . . ,Td be absolute contractions of A4. For any 

X € Lp{M)^ there is a £ Lp{M)^ such that 

Mf<s{T)ix) < a, VNeN'' and |la||p < C^|la;||p, 

where Cp is a positive constant depending only on p. Moreover, Cp < C p^ (p — 1)^^ 
and this is the optimal order of Cp as p 1. 

In the present paper we are going to consider the Besicovich weights in N"^. It 
is said |13j that a family of complex numbers {a(k)} to be Besicovitch weight if for 
every e > there is a family of trigonometric polynomials {P(;(k)} in d variables 



^ k>n ^ 

oo 

< Em4'^) 

h—n 

oo 
h—n 
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such that 

N 



(2.2) hmsup J2 - Pe{k)\ < e. 



A Besicovitch weight {a(k)} is said to be hounded if {a(k)} G i?oo(N'')- Note that 
certain properties of Besicovich weights were studied in [13l [TH [24] . 



3. Weighted vector ergodic theorem for noncommutative Lp~ spaces 

In this section we are going to prove the following a weighted ergodic theorem 
for absolute contractions. 

Theorem 3.1. Let Ti,...,Td be absolute contractions of von Neumman algebra 
M. For every bounded Besicovitch weight {a(k)} and every x £ Lp{M) (p > 1) 
the averages 

(3.1) A^{x)^—Y,a{\,)T'^{x). 



|N| 

' ' k=l 



converge b. a. u. in Lp(M). 



To prove the main result now we need some auxiliary Lemmas. Let us first recall 
the following well-know principle: 

Theorem 3.2. Let X,Y be Banach spaces and Z be a subspace ofY. Assume that 
T : X ^ Y is a linear continuous mapping such that T(Xo) C Z for a dense subset 
Xq C X. Then T{X) C Z. 

From this principle, by taking Z = Lp{M,CQ{W)), Y = Lp{M,loo{^'^)) we 
immediately get the following 

Lemma 3.3. Let X be a Banach space and X ^ Lp{M, iooi^"^)) (n £ N"^') be 
linear mappings such that 

(i) hn{x)\\L^{M/^{N'^)) <C\\x\\x, VxeX; 

(ii) {a„+p(.T) - a„(a;)}„gNd e Lp{M, co{'^'^)) for every p G N"* and x G Xq, 
where Xq is a dense subspace of X . 

Then {an+p{x) — an(a;)}ngNd G Lp{M; co(N'^)) for all x e X. 

Lemma 3.4. Let Ti,...,Td be as in Theorem \ 3.1l Then for every trigonometric 
polynomial P(k) on N"^ and every x G Lp{A4) the averages 

1 ^ 

(3.2) AMx)^—S2P{k)T^{x) 

' ' k=l 

satisfy the following relation {An+p{x) — ^n(a;)}n6N'' £ Lp{M,co{N'^)) for every 
p G N^. 

Proof. Let B = {zGC:|z| = l}be the unite circle in C with the normalized 
Lebesgue measure a. Let d be a fixed positive integer, then denote 

IK = B X . . . X B , ^ ^ a (g) . . . (g) a . 

d d 

Now consider Lp — Lp{M), where M — M (g ioo(IK, /i) and t — t ® y,. 
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For any g = {gi)f=i,z = {zi)f^i G K we put 

goz= {giZi,...,gdZd)- 
Now fix g e K and define a linear mapping Tg : Lp ^ Lp by 

(3.3) Tg(/)(z)=T(/(goz)), 

where / — /(z) G Lp, z G K. One can see that the mapping Tg is an absolute 
contraction. Therefore, according to Theorem 6.6 [Hj for the averages Afisf(Tg) 
we have {M„+p(Tg)(/) - Af„(Tg)(/)}„gN. G LpJ^M, Co(N'')) for every p G N'' and 

/ G Lp. Hence, Lemma lO implies that {M„+p(Tg)(/(z)) - Mn(Tg)(/(z))}„gN<i S 
Lp(A4, co(N'^)) a.e. z G K. Now applying the letter one to the function fx{z) = 
Il{z)x, where n(z) = zi ■ ■ ■ Zd, x E Lp{A4) is fixed, which clearly belongs to Lp, we 
obtain 

\u{z)(j-^ J2uig^)T^{x) ^ -Lj2ll{g^)T^{x))] G LpiM,co{N'')) 

L \|n + P|j^^^ I I k=l / J nGN'i 

for almost all z G K. Here we have used to get (Tg)''(/^)(z) = n(g'')H(z)T''a; 
for every k G N'^, where g'' = (gf^ ,g^''). 

Consequently, due to H(z) ^ 0, we conclude that 

-^\2^is'')T\x) - ±^n(g'^)T^x) j G Lp{M,co{N')). 

One can see that the theorem holds for finite linear combinations of H(g'^), hence 
holds for trigonometric polynomials in d variables. □ 

Now let us turn to the proof of the main Theorem 13. II 

Proof. Take x G Lp{M)+. Without lost of generality we may assume that |a(k)| < 
1 for all k G N"*. We are going to show that A-n{x) belongs to Lp{M,£oci^'^))- To 
do it let us consider 

1 

(3.4) A^^\x) = — S2^{a{k))T'^{x), 

' ' k=l 

(3.5) A(^)(x) = ^f]3(a(k))T''(a:). 

' ' k=l 

Due to our assumption (i.e. |a(k)| < 1) and Theorem 12.31 one has 

(3.6) - a < -Mn(T)(x) < A'^\x) < Mn(T)(x) < a, 

where ||a||p < C^\\x\\p. From dHS]) we have A^^\x) G Lp{M,£oc{^'^)), moreover 
(3-7) ||sup+A^^(x)||i^(^_£^(N<i)) <C\\x\\p, 

N 

for some constant C (more exactly, C — 3Cp). Similarly, one gets 
(3-8) ||sup+A^^(x)||i^(Ai,^^(Nd)) <C\\x\\p. 

N 



^Note that {a(k)} are complex numbers, therefore we need to consider their real and imaginary 
parts separately. 
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Consequently, (Hill) , (HH) imply 

(3.9) ||sup+AN(a:)||Lp(M.f^(N<i)) < 2C||x||p, e Lp{M)+. 

N 

Take any x G Lp{Ai), then one can be represented as x = X]fc=o*'^'^fc' where 
Xk £ Lp{Ai)+, fc = 0, 1, 2, 3. Therefore, the inequality p.9p implies that 

(3.10) l|sup+ylN(a;)||i^(^_^^(Nd)) < 8C||x||p, Vx G Lp(X). 

N 

Now let us assume that x G Li{M)riA4, then x G ^^(TVf) for any 1 < q < oo. For 
an arbitrary e > due to the definition of the Besicovitch weight there is a trigono- 
metric polynomial {Pe(k)} for which p.2p holds. Let An (a;) be the corresponding 
averages (see ^^). Then from (|3T0l) we conclude that {An{x)} G Lq{M, £oc{^'^)), 
{A^ix)} G L,(A^,^oc(N'^)), so {An(x) -In(x)} G L,(X, ^„o(N'^)). Moreover, 



\AUx)~A^{x))\U < ^X^|a(k)-P,(k)||lT>^(x) 



k=l 

N 



^ ll^l|oo^El«(k)-P.(k)|<el|x|| 

I ' k=l 

From the last relation and Proposition 2.5 [TB] one finds 



II sup +(Ak(x) - Ak(a;))||Lp(A^,^^(Nd)) < sup ||Ak(x) - Ak(a;))||oo " 

kGA[fc_„j kGA[fc_„] 

£ 

x|| sup +(Ak(a^) - Ak(a:))||£^(^^^^(j,,)) 

keA[fc,„] 

(3.11) < e^-^||x||L'^||sup+(Ak(x)-Ik(x))||f (J,, ) 



Define a sequence fe*^'^^ = (&k'°')keN<' G ip(-M, co(N'')) as follows: 

L(fe) ^ / A (a;) - Ik (2;), if k G A[o,k], 
"10, if k^A[o,fc]. 

From ((3?TT|) one gets that b'^''^ {Ai,{x) - Ak{x)} in Lp(X, ^oo(N'^)) as fc ^ cx). 
Since {fc^'^)} C Lp(X, co(N'')) we obtain {Ai,{x) - Ik(a;)} G Lp{M, co{N'^)). 

According to Lemma l3.4l we have already known that {An+p{x) — An(a^)}neN<* S 
Lp{M,co(^'^))- Consequently, the equahty 

An+p{x) - A„(a;) = (A^+pix) - I„+p(a;)) + {A^ix) - A„(x)) + (I„+p(a;) - I„(.t)) 

implies that {yl„+p(a;) — A„(a;)}„gpjci G ip(7W, co(N'')). 

Now by means of the density of Li{A4) fl in Lp(A^) and (|3.10p with Lemma 
13.31 we have {An+p{x) — An{x)}^^fjd G Lp{M, co{N'^)) for any x G Lp{M). Hence, 
Lemma |2. II implies that the required assertion. □ 

Remark. 1. The proved theorem extends the results of the papers [3] to mul- 
tiparameter. When a(k) = 1, then we get an extension of [55], [H] to Lp-spaces. 

2. Similar results for multiparameter Besicovitch weights in a commutative set- 
ting were obtained in [1] [T3] . 
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